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Abstract 

In this paper, we studied the functional ergodic limits of the site-dependent branching 
Brownian motions in M. The results show that the limiting processes are non-degenerate 
if and only if the variance functions of branching laws are integrable. When the func- 
tions are integrable, although the limiting processes will vary according to the integrals, 
they are always positive, infinitely divisible and self-similar, and their marginal distri- 
butions are determined by a kind of 1/2- fractional integral equations. As a byproduct, 
Cn I the unique non-negative solutions of the integral equations can be explicitly presented 

f^ I by the Levy- measure of the corresponding limiting processes. 
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K^ ; 1. Introduction 

5^ I By the name "site-dependent branching Brownian motion" (SDBBM) we mean a 

branching particle system where particles start off at time t = from a Poisson random 
field with Lebesgue intensity measure A, move in M according to the Brownian motion, 
and evolve independently with critical branching laws at rate 7. Here the critical 
branching law of particles at site x is controlled by the generating function 

g{s,x) = s + a{x){l-sf, < s < 1, (1.1) 

where < <t{x) < 1/2 is a measurable function on W^. (jl.ip means that a particle 
at the site x reproduces 0-offspring with probability cr{x), 1-offspring with probability 
1 — 2a{x) and 2-offsprings with probability a{x). This model generalizes the typical 
critical branching Brownian motion, which in fact corresponds to the case of cr{x) = 1/2. 
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It is also a special case of the general branching particle systems discussed in Dynkin 

m- 

Let N[s) denote the random counting measure of a SDBBM at time s, i.e. N{s){A) 
is the number of particles in the set A at time s, and be referred to as the SDBBM for 
convenience in this paper. Dynkin [6] had shown that for any non-negative (f) G 5(M'^), 
the space of smooth rapidly decreasing functions, 

E(exp {-((/<, iV(t)>}) =e^^[- j ^v{x,t)dx], (1.2) 

where < v{x,t) < 1 satisfies the partial differential equation 

-Av-jav'^, (1.3) 



dv 1 . 2 



dt 2 

with v{x,0) = 1 — e~'^'^^ Here A denotes the Laplace operator and (/, ^) = f fdfi 
for any integrable function / on the Borel measure fi. Imagine a SDBBM varied in 
the way that particles' life become more and more short and the density of initial 
distribution become more and more high. As a result, the so-called Dawson- Watanabe 
super-process, say Y, appears. According to Dynkin ^ Theorem 1.1], Y satisfies that 
for any meaningful initial measure-value fi, 

E^(exp{-(0,y(t))})=exp|- / v{x,t)fi{dx)} , (1.4) 

where < v{x,t) < 1 is the solution of (jl.3p with v{x,0) = 4>{x). From Pinsky |15l 
Theorem 4 and Remark 5] we know that when d > 2, the invariant measure for Y 
depends on o"(-). However, when d = 1, the unique invariant measure is 0, the measure 
concentrated on the 0-measure, if and only if a{-) ^ a.s. It is not surprising that 
these conclusions also hold for the SDBBMs. 

Due to the close relation between the invariant measures and the ergodic limits, 
naturally, an interesting question arises. How the function a affects the ergodic limits 
of the SDBBMs or the corresponding super-processes when d = 1? In this paper, 
we only discuss the SDBBMs. We believe the same discussions can be moved to the 
corresponding super-processes. 

Let A^ be a SDBBM. Consider the measure-valued processes 

X{t) = [ N{s)ds, t > 0, (1.5) 

Jo 

which is generally referred to as the occupation time (process). Throughout this paper, 
we understand (jl.Sp as 

{X{t),ct>)= [ {N{s),ct>)ds, t>0, 
Jo 

for any (p S 5(M'^). The so-called ergodic limits of the SDBBMs are, in general, referred 
to the limits of X(T)/T as T — )■ oo. 
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This study on typical critical branching Brownian motions can be originated to the 
70s of the last century. Sawyer and Fleischman [T7] proved that when d = 1 

lim X{T){A) < oo, a.s., 

T->oo 

which immediately leads to 

lim ^f ^ =0, (1.6) 

almost surely. Iscoe [7j showed that the corresponding super-Brownian motions have 
the same property when d=\. Moreover, Cox and Geriffeath [5] found that the same 
picture arises in voter models. 

To step forward, our interests in this paper are to study the functional ergodic limits 
of SDBBMs. More precisely, we study the functional limit of Xt = {XT{t),t > 0} in 
C([0,l],cS'(M)), where 

XT{t) = ^j N{s)ds, (1.7) 

and 5'(M) is the dual space of 5(M). Our results show that the limiting process is 
non-degenerate if and only if the variance function is integrable. If j^a{x)(ix = oo, 
then (|1.6p holds in probability, and hence, Xt converges in finite-dimensional distri- 
butions to the measure concentrated on the 0-measure. This result extends the afore- 
mentioned result on the typical branching Brownian motions in M and corresponding 
super-processes. If J^a{x)dx < oo, then (jl.6p is not true. In fact, we prove that the 
limiting process will vary according to the integral of a{x). But it is always positive, 
infinitely divisible and self-similar and its marginal distributions are determined by a 
kind of 1/2- fractional integral equations. These results are similar in appearance to but 
different in essence from those in literature (see, for example, [HEKTB]) on the typical 
branching Brownian motions in M? and corresponding super-processes. 

The methods of this paper consist of two key-points. One is the convergence of 
finite-dimensional distributions of Xt under the condition of J-^a{x)dx < oo. To 
solve this problem, we need study the convergence of the solutions of some nonlinear 
integral equations by means of the Gronwall's inequality. Though this idea is similar 
to those used in Iscoe [3 [8] and Talarczyk [16], some nontrivial modifications are 
needed to handle the new technical complexities caused by the site-dependence. The 
other is to analyze solutions of the 1/2-fractional integral equations. Based on these 
analytical results we find the limiting processes are degenerate under the condition of 
J^a{x)dx = oo. Furthermore, by using the Levy-Khintchine representation, we show 
the positivity of the limiting process under the condition of J^ a{x)dx < oo and get the 
explicit expressions of the solutions of the integral equations. This trick differs from 
that used by Iscoe |5] . 

There is much literature on occupation times of branching particle systems and the 
closely related super-processes; see, for example, Dawson et al [5] and the references 
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therein. Studying the functional hmits of occupation times of typical (d, a, /3)-branching 
particle systems was triggered by Bojdecki et al [1] and was developed and generalized 
by, for example, Bojdecki ei a/ [2], Li [9], Li and Xiao [l2] and Milos [l3]. Li [TOl fTT] 
introduced a kind of site-dependent branching particle systems which are same as the 
SDBBMs except that the particles move according to the a = (qi,--- , arf)-stable 
Levy motion whose i-th component, i = 1,2, • • • ,d, is an Oj-stable Levy process and 
independent of other components. Under the assumption that < Jj^ a{x)dx < oo, the 
author has studied the functional theorems of central limit type of the occupation times 
except the case of X]i=i l/o^i = 1/2 and obtained some interesting results which differ 
from the existing results of the typical {d, a, /3)-branching systems and the particle 
systems without branching. Observe that the SDBBM in R is in essence the site- 
dependent branching particle system in the case of Yli=i '^/'^i — 1/2- This paper also 
completes the picture of research in this direction. 

Without other statement, in this paper, we use M to denote an unspecified positive 
finite constant which may not necessarily be the same in each occurrence. 

The remainder of this paper is organized as follows. In Section 2, we report the 
main results. Section 3 devotes to studying the finite-dimensional distribution of Xt 
and other related lemmas. Sections 4 and 5 include the proofs of Theorem 12.21 and 
Theorem 1 2. 3 [ respectively. In the last section, i.e. Section 6, the limiting process ^ is 
discussed. 

2. Main results 

Consider a SDBBM N = {N{s)} in M. Let B = {B{s)} denote the corresponding 
Brownian motion. {Lt}t>o denotes the semi-group of Brownian motion. Then 

LJix) := E(/(e(t + s)mt) =x)= I -^ exp | - i^^|/(y)dy, (2.1) 

Jm. V27rs •- 2s J 

for all s, t > 0, X G M and bounded measurable functions /. To avoid misunderstanding, 
we sometimes write Lsf{x) as Ls{f{-)){x). Let 

exp -i - - 

/27rs 

for all s > 0, X G M. Recall that 



Ps{x) := ^==exp| -— |, 
V27rs •- 2s J 



Prt{x) = r-^l^ptir-^l'^x). (2.2) 

Therefore, 

Lrtf{r^l''x) = f r-'/^ptix - r-^'^y)f{y)dy, (2.3) 



for all r > 0. Now we define the rescaled occupation time process Xt = {X'j'{t),t > 0} 
as (jl.7p . The main results of this paper read as follows. 
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Theorem 2.1 If J^cr{x)dx = oo, then Xt converges to in finite- dimensional distri- 
butions as T —7- oo. 

Theorem 2.2 Suppose K = ^ J^a{x)dLX < oo. Then as T ^ oo, the rescaled occupa- 
tion time process {Xrit), ,0 < t < 1} converges weakly in C([0, 1],5'(]R)) to a process 
X = XS^ where ^ = {^(OltGfo.i] ^-^ '^ non-negative process whose Laplace transforms of 
finite- dimensional distributions 



E 



(exp{-^efce(tfc)}) =expJK / K\s)ds -Y^tkOA, (2.4) 



for any given non-negative constants 0i,92,--- ,0n and < ti < t2 < • • • < t^ < 1, 
where A(s) is the unique nonnegative solution of the equation 

,(»)=x:«J*%#4d"-'^r4^. -[Ml. (2.5) 

^ Jo V^^l-s - u) Jo y'2ir[s - u) 

From Theorem 12.21 it is easy to see that 

Proposition 2.1 The process ^ is infinitely divisible, self-similar with index 1, non- 
decreasing and nonnegative, and has continuous paths. 

To get more information about ^, we need to make more careful study on the solution 
of (j2.5p . For any given ^>0, letA(s,^),0<s< l,be the unique non-negative solution 
of the equation 

yis) = J^e - K [' ^^, (2.6) 

which is the special case of (|2.5|) with k = 1, 9i = 9 and ti = 1. We obtain the following 
results. 

Theorem 2.3 (1) A(s, 9) is continuous, differentiable and non- decreasing on s £ [0, 1]. 
Moreover, A(s, 9) < y/9/K. 

(2) A(s, 9) can be continuously extended to the unique non- decreasing and non-negative 
solution of i2.6\) for all s >0. Denote the extension by A{s,9) as well. Then 

A{s,9) = ^A{l,9s) (2.7) 

Vs 

and lims_j.oo A(s, 1) = l/yK. 

Proposition 2.2 There exists a measure v on (0,oo) with zv((0,oo)) = oo and 

/•oo /'OO 

/ xv{Ax) = 1, / xV(dx) = 2E:/7r, 

JO JO 

such that for any 9 > 

E(e-^«W) = exp { - /"°°(1 - e-*^^)i/(dx)}. (2.8) 

5 
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Furthermore, for any s > and 9 > 0, 

POO 

KA'^{s,9) = 9- 9e-^'''i^{dx), (2.9) 

Jo 

and 

1 /■°° 
A{s,9) = ^^ Q{9sx)u{dx), (2.10) 

V27rs Jo 



where 






From Proposition 12.21 we immediately get that 

Corollary 2.1 For any t > 0, £,{t) is non-trivial and positive. 

At the end of this section, let us make some remarks on the results mentioned above. 

Remark 2.1 (1) Cox and Geriffeath [4] proved for the typical critical branching Brow- 
nian motions by a method of cumulants that when the spatial dimension d = 2, 

Xt(1)(A) 

-Yx(ir^'' inlaw, (2.11) 

where ? is a nontrivial infinitely divisible random variable with moments of all order. 
Via Laplace transforms of measure- valued random variables and nonlinear partial differ- 
ential equations, Iscoe [8] proved the same result for the corresponding super-Brownian 
motions and further pointed out the positivity of ? in (|2.1ip . When t = 1 is fixed. 
Theorem 12.21 and Proposition 12.21 reveal the similar results. However, the methods used 
in this paper to prove the positivity are different from those used in Iscoe [8]. 

(2) The similar functional ergodic theorems of the typical branching Brownian motion 
and the related super-Brownian motions were reported by Talarczyk [TC] and Iscoe [S] , 
respectively, in the case of the spatial dimension d = 2. Compared with those results, 
our result is essentially different in the Laplace functions of the limit processes. In fact, 
using the Riemann-Liouville type 1/2- fractional integral operator, 

Jo y'2TT[S — U) 

the equation (j2.5p can be rewritten as 

A{s) + Kj'/'A\s) = y 9, r iMilil^ll^d^ = J^/'his), 
^ Jo V27ru 

where 

n 

h{s) = y9klioMi'^-s). 

k=l 
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This equation can not be inferred from the corresponding results in Talarczyk [16] and 
Iscoe [8]. In addition, (j2.9p and (j2.10p show the one-on-one corresponding relations 
between the non-negative solution of (12. 6p and the Levy measure of ^. 
(3) By some basic renewal discussion, it is easy to obtain that 

E((iV(s), 0)) = / L,(A(x)drc = (A, 0). (2.12) 

To assure non-degenerate limits existing, the rescaled occupation time fluctuation pro- 
cesses should be defined as follows. 

1 rTt 



{YT{t),4>) = —J {N{s)-X,(t>), (2.13) 

where 

^ ^ \T, < J^a{x)dx <oo; 

^~[T'/\ f^a{x)dx = 0. 

For the rescaled occupation time fluctuations, we have the following functional limits. 

(i) When < J^(j){y)dy < oo, the rescaled occupation time fluctuation process 
{YT{t),,0 < t < 1} converges weakly in C([0, 1],5'(]R)) to the process Y = Xtj 
where r]{t) = ^(t) — t and ^ is the process in Theorem 12.21 



(ii) When f^(j){y)dy = 0, i.e. (j){y) = a.e., the rescaled occupation time fluctuation 
process {YT{t),,0 < i < 1} converges weakly in C([0, 1],5'(M)) to the process 
Y = kXrj where tj = {??(^)}tG[o,i] is the fractional Brownian motion with Hurst 



index | and fc is a constant. 



The part (i) is an immediate result from Theorem 12. 2| and the part (ii) was essentially 
investigated in Bojdecki et al^\. 



3. Finite-dimensional distributions of Xt 

Define a sequence of random variables Xt in 5'(]R^) as follows: For any n > 0, let 

{XT,i^)=: f (XT(t),^(-,t))dt= / {N{s),i;T{;s))ds, (3.1) 

Jo Jo 



where ip € 5(M^) and 



i^T{x,s) 



1 /-i 

- / i;{x,t)dt, for se [0,r]. (3.2) 

^ Js/T 
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Lemma 3.1 For any nonnegative ip & S 

E^expj - {XT,^p)]) =exp j - / V^^{x,T,0)dx 



(3.3) 



where ipTix,s) is defined by /i3. 2\) and Vjpj,{x,t,r) is a continuous function defined on 
M X {(t, r) : t > 0, r > 0, t + r < T} and satisfies that 



(3.4) 



V^^{x,t,r)= / LsNjT{-,r + s){l - V^^{-,t - s,r + s))]{x)ds 
-7 j Ls (ct(-)KI^ {■,t-s,r + s)) (x)ds. 
Proof. OnM X {(t,r) : i > 0,r > 0, t + r < T}, define 

i/^y(3;,t,r) :=E^(^exp{- / (iV(s), ^r(-,r + s)>di 



(3.5) 



Since Nq is a Poisson random measure with Lebesgue intensity measure, from (|3.ip . it 
follows that 



^U-{^T,^)\ = exp i / [F^^(x,r,0) - l]dx \. 



(3.6) 



By renewal arguments, (j3.5p implies that 



H^^{x,t,r)=e ^^Eccl exp ( - / 



'4^T{£.{s),r + s)ds 



+ / 7e~^'Ej exp 



^5(5) exp 



t-s 



^t(C(^))^ + 'u)dti 



[N{u),ipT{-,r + s + u))du 



kids))- 



>ds, (3.7) 



where k{S,{s)) denotes the number of particles generated at the first splitting time. Note 
that the process k{x) is independent of the Brownian motion ^ and for any < z < 1 

E(^fc(x)) ^ g^^^ x) = z + a(x)(l - zf. (3.8) 

(13^1) yields that 

H^^ (x, i, r) = e"'^*/^y (x, t, r) + / 7e~^(*"'')ir^y (x, i - s, r, s)ds, (3.9) 

Jo 

where 



/^y(x,t,r) =E^exp ( - / VT(C('S),r + s)ds 

V'T(C(^),r- + n)du)5(iJ^^(e(t),s,r + t),e(t)) 



E:^j,(x,t,r, s)=Ej 



exp 
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for any (x, t, r) € M x {(t, r) : t > 0, r > 0, t + r < T}. By the Feynman-Kac formula, 

dl^^ /I . d 



[2^ + ^^-^T{x.''))h, 



dt 



Therefore, (|3.9p indicates that 
dH^^{x,t,r) /I . a 



which plus (j3.8|) leads to that 



5i V2 5r 

Let 

V^r^{x,t,r) = 1- H^^{x,t,r). (3.11) 

Then it is easy to see that V^^, {x,t,r) is continuous on]Rx{(t, r) : t > 0,r > 0,t + r < 
T}. Furthermore, from ()3.10p it follows that 

dV^^ix^, ^' "^ = (1 A + |-) V^, {X, t, r) - ja{x)Vl (x, t, r) 

+^I^T{x,r){l-V^^{x,t,r)), (3.12) 

which implies (|3.4|) . Moreover, from (|3.6p and (|3.1ip . (|3.3p follows. D 

Since Xt is a 5'(M)-valued process, as is well-known, the finite dimensional distribu- 
tions of Xt is determined by the family of Laplace functions, i.e., 

n 

E(exp{-^(XT(tfc),(Afe)}), 

k=l 
for any given nonnegative c^i, (j)2-, ■ ■ ■ ,4>n ^ '^(M), < ti < t2 < • • • < ^n < 1 and n > 1. 

Lemma 3.2 For < ti < t2 < ■ ■ ■ < tn ^ ^, nonnegative (pi, (j)2, ■ ■ ■ -.(pn £ 5(1^), and 
T>0, 

E(exp{ -^(XT(ife),</<fc)}) =exp| - j V^^{x,T,0)dx\, (3.13) 

where < V^j,{x,T,0) < 1 satisfies the equation jg.^l ) with 

It '" 

^PT{x,t) = -^P{x,-), iP{x,t)=Y,Mx)l[0M(^)- (3.14) 

fc=i 

Proof There exists ipT,m of the form ()3.2p such that for any (x, t), 'ipT,m{x, t) converges 
to iPt{x, t) in the monotone decreasing way as m — )• oo. Lemma [3. 2 1 follows from Lemma 
13.11 The details are same as those lead to Lemma 2.5 in 116] and omitted. D 
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Remark 3.1 Let v{x,t) = V^rj,{x,t,T — t). Lemma [312] and (j3.12p imply that v{x,t) 
satisfies that 

^^^^ = ^Av{x, t) - ja{xy{x, t) + ^Yl '^fc(^)l[OA-] (^) (1 - ^(^' *)) ' 

fc=i 

with v{x, 0) = 0, and that 

E(exp{-^(XT(tfc),</'fc)})=expj - / v{x,T)dx 
k=i ^ ''^ 

4. Weak convergence of Xt when f^ <T(a;)dcE < cxd. 

The aim of this section is to prove the weak convergence of the rescaled occupation 
time Xt- Note that the weak convergence fohows from the convergence of finite- 
dimensional distributions plus tightness. 

Theorem 4.1 As T ^ oo, the occupation time process {XT{t),,0 < t < 1} con- 
verges in finite- dimensional distributions to a S'{R)-valued process X = \^ where ^ = 
{^(t)}tg[o,i] is a non-negative process whose Laplace transforms of finite- dimensional 
distributions are as follows. 

E(exp{- J^0fc^(tfc)}) =expii^ / K\s)<is -Y^tkOk}, (4.1) 

k=i ^ ■'^ k=i ^ 

for any given non-negative constants 0i,92,--- ,9n and < ti < t2 < ■ ■ ■ < tn ^ i, 
where A(s) is the unique nonnegative solution of the equation Ii2.5]) . 

To prove this result, we need some auxiliary lemmas. For this end, we first remark 
that, throughout this section, we always assume that (/>! , </)2 , • • • ,(j)n £ 5(M) are arbi- 
trary non-negative functions, < ti < ^2 < • • • < ^n < 1, and ^{x,t), ijJT{x,t) have the 
forms in (|3.14p and K = j J^ a{x)dx < oo. Define 

Ht{x, s) := r^/V^^ {x, Ts, r(l - s)). (4.2) 

Observing (|3.4p . we derive that 

rTs 



pl S 

Ht{x,s)=T^'^ / L„(Vt(-,T(1 - s) + u){l - V^^{;Ts - u,T{l - s) + u)))(x)d« 

rTs 

-7ri/2 J Lu [a{-)V^^ {■,Ts- u, T{1 - s) + u)) {x)du 

= t3/2 r LTu^T{x,T{l-s + u))du-^T^'^ r LTu{<7{-)HU;s-u)){x)du 
Jo Jo 

- I TLTuiM-,Til - s + u))HTi-,s - u)){x)du. 
Jo 

Substituting (|3.14p into the above formula, we further have that 

Ht{x,s)=Ii{T,x,s) - h{T,x,s) - l3(T,x,s), (4.3) 
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where 



Ii{T,x,s) = T' / LTuipix,! — s + u)du 
Jo 

= du e 2Tu tpl^y^ 1 - s + u)dy; (4.4) 

Jo Jr V 2vrii 

/2(r, x,s)= [ LtuW-, 1-S + u)Ht{-, s - u)){x)du; (4.5) 

Jo 

h{T,x,s) = -fT^'^ I LTu{a{-)HU;s-u)){x)du. (4.6) 

Jo 

Lemma 4.1 There exists a constant M such that for any T > and (x, s) G M x [0, 1], 

Ht{x,s) < M. 
Proof. From (f2T^ . (I3TTD and (i3H]) it follows that 

Ht{x,s)=T^/^V^^{x,Ts,T{1 - s)) 

r-Ts 

< T^/^ / Lu^rix, r(l - s) + 'u)du 

JO 

= T^/^ LTuijix,l-s + u)du. 
Jo 

By using (12. Ih . we further have that 



Ht{x,s)<T^/^ f du f ^ 

Jo Jr V 2vr 



;e 2T" '(/;(y, 1 _ s _|_ n)dy 



V27rri 

< / du / V(y) 1 — s + ti)dy. 

Jo v27ru Jr 

Recall that ip = "^^=1 ^k{x)'i-[o,tk]i^) ^^^ 't'k G 5(M). There exists a positive constant 
M, such that for any T > and (x, s) G M x [0, 1], 

Ht(x, s)<M I -^du = M.fs < M. (4.7) 

Jo 2Vm 

Lemma 4.2 For an|/ (x, s) G M x [0, 1], as T —)■ oo 

/i(r,x,s) ^ 5^ / 0,(y)dy / ^^=^du. (4.8) 

^Jr Jo y 27r(s — nj 

Proof From (jO|) . it is easy to see that for all T > and (x, s) G M x [0, 1], 

l[o.t,,l(l -s + ^i) 

Letting T — )• oo, by the dominated convergence theorem, we can readily get (j4.8p . D 



/i(T,x,s) = > / ;;^- du / e 2T. (j)k{y)dy. 

rn Jo V27ru Jr 



11 
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Lemma 4.3 For all T > and (x, s) £M x [0, 1], there exists a constant M > such 
that as T ^ oo, 



mY, Mx)dx -^^>I^{T,x,s)^0. 
^JR Jo yl-niu 

Proof Prom (|4.5p and (|4.7p we obtain that 

/2(T', a;, s) < M / LTutpi^^ 1 — s + u)du, 
Jo 

which and ()2.ip further imply that 

hiT, X, s)<M f J—^ du I ^{y, l-s + u)dy. 
Jo V 2,tt1 u Jm 

Now substituting (13.14p into the above formula immediately leads to (14.9 



(4. 



D 

Lemma 4.4 There exists a hounded and measurable function G{s) such that for any 

s G [0, 1], as T ^ oo 



a{x)H^{x,s)dx^G{s). 
Proof To simplify the notation, let 

Gt{x, s) = a{x)Hrp{x, s). 



(4.10) 



(4.11) 



For any given s G [0,1], define the distance between Gti(x,s) and Gt2{x,s) for any 
< Ti < T2 as follows. 

dG{Ti,T2;s)= / \Gt^{x,s) - GT2{x,s)\dx 

Jr 

a{x) Ht^ {x, s) — Ht2 {x, s) Hti (x, s) + Ht2 (x, s] 
By using (14. 7p . we know that 



dx. 



dx. 



(4.12) 



dG{Ti,T2;s)<M / a{x) Ht,{x , s) - Hr^ix , s) 

Jr 

Substituting (14. 3h into the right hand side of ()4.12p . we further obtain that 

dGiTi,T2;s)<pG{Ti,T2;s) + M f a{x) h{T^,x,s) - h{T2,x,s) dx, (4.13) 

Jr 

where 

Pg{Ti,T2;s) = M / a(x)V /,(ri,x,s)-/,(T2,x,s) dx. 

Jr i=i I 

Furthermore, from (j4.6p and (j4.1ip it follows that 

M I a{x) l3{Ti,x,s) - l3{T2,x,s) dx < pg{Ti,T2;s) + pg{Ti,T2;s) 

Jv. 



(4.14) 
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where 



Pg{Ti,T2;s)=Mj / a{x)dx / tI''^Lt^uGt2{x,s - u) -TI''^Lt^uGt2{x,s - u) 
Jr Jo 

= M a{x)di 

Jr 



du 



jy-^r 



1 



\/2lTU 



_(y-xf 

e 2Tiu (^^^ (^y^ g _ u)dy 



du 



M / a{x)dx 



du 



^/2i 



\j mu 



(y-^f 



(v-xy 



e 2T2n _g 2Ti« GT2(y,s-ii)dy, (4.15) 



and 



PGiTi,T2;s) = M-fTl'^ / cr(x)da; / Lt^u Gt^{- , s - u) - Gr^i' , s - u) {x)du 

Jr. Jo 



<M 



/ /p; — / GTAy,s-u)-GT2{y,s-u) 

Jo v2ttu Jr 



dy 



<MI dG{n,Tr,u)^^^ 



'o Y^27r(s - u) 
Furthermore, substituting ()4.1ip and (j4.7p into (J4.15P yields that 



(4.16) 



Pg{Ti,T2;s)<M / a{x)dx 



<M a{x)dx 



du 

v2vru 
du 



1 — e 2Tiu Jcr(i/)dy 



(l - e '^r- )^(y)dy =: 5^{T^), (4.17) 



/o v2vrn 
for any r2 > Ti and s G [0, 1]. It is easy to see that as Ti — )• oo , 

(^i(ri)^o. 

On the other hand, applying (|4.4p and (|4.9p to (|4.14p . we have that 

du 



(4.18) 



Pg{Ti,T2]s)<M / a{x)dx 



\j2/KU 

+M [ a{x){l2{Ti,x,s) + l2{T2,x,s))dx 

Jr 



jx-y) (x-y) 

[e 2T2U _ g 2Tin ]'(/;(y, 1 _ s -I- u)dy 



1 



<M / cj(x)d2; / -—=duY, / [1-e ^^i" ]</'fc(y)dy 



\/27ru 



fc=i 

n 



.{£:iar 



/" f^ du f 

+M / aix)dx / -=^^ / 0,.(y)dy. 
Jr Jo V^ttIiu^^Jm. 



Since (Ai., /c = 1, 2, 



, n, all are in 5(M), there exists a constant M > such that 



Pg{Ti,T2;s) <M / a(x)dx 



\/2vrn 



1 /" (^-;/)^ 

du / [1 - e 2T1I. ](/,(y)dy 



+M / cr(a;)dx / (?;>(y)dy 
--■.62{Ti)^0, 



1 

y/2-KTiU 



du 



(4.19) 
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as Ti — )• oo. Let 

5{Ti) = 5i{Ti) + 52{Ti). (4.20) 

From (H33D . (fiTlD . (in6]l . (lil7]) . (fiJ9]) and ^?M . we obtain that 

dG{Ti,T2;s)<5{T,) + M TM^lS^dn, (4.21) 

for every s G [0, 1]. Furthermore, (j4.2ip imphes that 

Jq y/s-u Jq^s-uJo ^/u-r 

<5{Ti)M + M dGiTi,T2;r)dr (4.22) 

JO Jr ^y{u-r)[S -U) 

Observe that 

Jr V(n-r)(s-n) Jo yjy-y^ 
KT2\i yields that 

dG(Ti,r2;s) <<^(ri)M + M r dG{Ti,T2;r)dr, (4.24) 

JO 
which and the GronwaU's inequahty imphes that 

c^G(^l,^2;s)<M5(^l)e^'^^ (4.25) 

for every s £ [0, 1]. Since KT8\i . KT9\i and ()i:20]) imply that 

<J(Ti) ^ 0, 

as Ti — )• oo, (j4.25p indicates that for every s G [0, 1], 

dGiTi,T2;s)^0, (4.26) 

for any T2 > Ti and Ti — )■ 00. From (j4.26p we derive that for every s G [0,1], 
{J^GT{x,s)dx]T is a cauchy sequence. Therefore, for every s G [0,1] there exists 
a function G{s) such that 

[ GTix,s)dx^G{s), (4.27) 

JR 

as T — 7- 00. Note for any fixed T, J^GT{x,s)dx is non-negative and measurable on 
s G [0,1]. Furthermore, (|4.7p and the integrability of o"(x) imply that for all T > 
f^GT{x,s)dx is bounded. Therefore G{s) is measurable and bounded as well. D 
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Lemma 4.5 There exists a constant M > such that 

M>hiT,x,s), (4.28) 

for all (x, s) G M X [0, 1], and as T —t- oo 

. /^ N f^ G(s - u)du 

h{T,x,s)^j ^ ' , (4.29) 

for all {x,s) G Mx [0, 1]. 

Proof From (j4.6p it follows that 

h{T, x,s)=j ^== / e~^T^a{y)HUy, s - u))dy. (4.30) 

Jo y/ZTTU JR 

()4.7p and the integrability of cr{x) yield that there is a constant M > such that 

h{T, X, s) < M ^' -^ < M, (4.31) 

for all {x, s) G M X [0, 1]. In addition, (|4.30p imphes that 

P du /■ 
/3(r,x,s)=7 / ^- — / a{y)H^{y,s-u)dy 
Jo v^vrn Jm 

-7 T-^ [il-e-^^)a{y)HUy,s-u)dy. (4.32) 

Jo v2vru Jk 

By using Lemma [^^ it is easy to see that as T — )• oo, 

Jo vZttu Jr Jo vzttu 

for all (x, s) G R X [0, 1]. Furthermore, by using (|4.7p . for all (x, s) G M x [0, 1] 

7 / ^^= / (1 - e-^T^)a{y)H^{y, s - u)dy 
Jo v^vrn Jr 

<M r -^ / (1 - e-^^)a{y)dy ^ 0, (4.34) 

Jo \/2Tru Jr 

as r ^ oo. Applying ([4:331) and KMi to (11:32]) . we arrive at g^S]). □ 

Lemma 4.6 For an?/ (x, s) G M x [0, 1], as T ^ oo, 

Ht{x,s)^2^ ', '' , d-u / (l)k{y)^y - 7 / /^^ • (4.35) 

f-;Jo J2tt{s-u) Jm Jo v^vrn 



fc: 



Let A(s) (0 < s < 1) denote the right hand side of ^.35 ). Then A(s) is the unique 
non-negative solution of the equation 

y(.) = ±l"j^^^,uh,iy).y-Kf^f^ (4.30) 

^Jo y 1it{s — u) Jk Jo yivr^s - uj 
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Proof (j4.35p is an immediate conclusion from (j4.3p and Lemma 14.21 Lemma 14.31 and 
Lemma |4. 51 A(s) is non-negative and bounded because Ht{x-,s) is non-negative and 
< Ht{x, s) < M for all {x, s) e R x [0, 1] and T > 0. To show A(s) is a solution of 
(j4.36p , we apply (J4.35P and the dominated convergence theorem to (j4.10p , and then get 
that 



G{s)=A'{s) a{y)dy. (4.37) 

Substituting (j4.37p into (j4.35p . we have that A(s) satisfies the equation (j4.36p . To prove 
the uniqueness, we suppose there is another non-negative solution 0(s) of (|4.36p . Let 

r{s) := \A{s) - e{s)\, SG[0,1]. 

Note that the non-negative solution of (j4.36p should be bounded. There exists a con- 
stant M > such that 

\A^{s)-e^{s)\ <Mr{s). 

Therefore, from (j4.36p we get that 

r(s — u)du 



r{s) < M 

/o 

Then 

ris)<M r'-^<M Trmtf" ^" 



\/s-u Jo Jt -s/is-ujiu-t)' 

which and (14231) yield that 

r{s) < ttM I r{t)dt. (4.38) 

Jo 

By the Gronwall's inequality, r{s) = 0, and hence, A(s) = 0(s) for all s € [0, 1]. D 

Remark 4.1 Prom (j4.36p . it is easy to see that A(s) = for all s G [0, 1 — i„). 
Now we define 

Ht{x) ■.= T^'^V^^{T^'^x,T,Q), (4.39) 

From (13. 4p we obtain that 

Ht{x) = T^'^ j TLts[M;Ts){1 - V^^{;T{1 - s),rs)))(Ti/2x)ds 

which combining with ()2.3p further implies that 

Ht{x)=T [ ds f ps{x-T-^/^y)^PT{y,Ts)dy 

Jo JR 

-T [ ds f ps{x -T-^l^y)i,T{y,Ts)V^^{y,T{l - s),Ts)dy 
Jo Jr 

-7 / dsT f ps{x-T-^l^y)a{y)V^^{y,T{l-s),Ts)dy. (4.40) 

Jo JR 
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Applying ([3l^ to (jOOj) leads to 

Ht{x)= ds psix - T^'^/'^y)ij{y,s)dy 

Jo JR 

-r-1/2 / ds f ps{x-T~^l^y)^{y,s)HT{y,l-s)dy 
Jo Jr 

-7 / ds / ps{x - T~'/^y)a{y){HT{y, 1 - s)fdy. (4.41) 

Jo Jr 

Lemma 4.7 Suppose K = j J^ a{x)dx < oo. For any x G M, as T ^ oo, 

Ht{x) ^izT ^-(^)d^ I <l'k{y)dy -K [ Ps{x)A\l - s)ds. (4.42) 

^„-i^ Jo Jr Jo 

Moreover, 

lim / HT{x)dx = i2tk I 0fc(y)dy -K I K^{s)ds. (4.43) 

t^'^Jr fr[ Jr Jo 

Proof By the dominated convergence theorem, it is easy to see that as T — ?• oo, 

ds I ps{x - T-^'^y)^lj{y, s)dy ^ V / ' Ps{x)ds I (Pk{y)dy, (4.44) 

Jr ^^-^ Jo Jr 



for all x (z R. In addition, by (j4.3p and the dominated convergence theorem again, we 
can readily get that as T — )• oo, 

T-i/2 f ds [ ps{x - T~^'S)i,{y, s)H^^{y, 1 - s)dy ^ 0, (4.45) 

Jo Jr 

for all X £ R. Furthermore, by using Lemma 14.61 (|4.7p and the dominated convergence 
theorem, we find that as T — )• oo 

7 / ds f ps{x-T~^'^y)a{y){HT{y,l-s)fdy 
Jo Jr 

^ 7 /" ps{x)ds I a{y)k^{l - s)dy, (4.46) 

Jo Jr 

for all X £ R. Applying (|4.44p - (|4.46p to (|4.4ip we immediately obtain (|4.42p . Moreover, 

using (j4.4ip again, we get that 

/ HT{x)dx = dx ds Ps{x — T~ ' y)ilj{y,s)dy 

Jr Jr Jo Jr 

-r-i/2 f dx f ds I ps{x-T~^'^y)^{y,s)HT{y,l-s)dy 

Jr Jo Jr 

-7 / dx / ds / ps{x -T~'^^'^y)a{y){HT{y,l - s)Ydy 

Jr Jo Jr 

= y^tu [ My)dy-T~'/^ [ ds [ ^{y,s)HT{y,l-s)dy 
f,^^ Jr Jo Jr 

-7 /" ds /" a{y) {Hriy, 1 - s)) 'dy. (4.47) 

Jo Jr 
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By (|4.7p . it is easy to see that 

r-i/2 /■ ds / V'(y, s)^t(2/, 1 - s)dy ^ 0, (4.48) 

JO JM 

as T — )■ oo. Furthermore, combining Lemma 14.51 ()4.7|) and the dominated convergence 

theorem yields that 



7 



/ ds / a(y)(FT(y, 1 - s)fdy ^ 7 / ds / (T(y)A2(l - s)dy. (4.49) 

Jo JM JO JR 

Combining (I071) with diliS]) and (039]), we have ()03D . D 

Now we are at the place to give the proof of Theorem 14. 1[ 
Proof of Theorem 14.11 For any given non- negative <j)i,4'2,' ' ' ,<Pn S 5(M) and < 
ti < t2 <■■■< tn < I, hy using (|4.ip , we obtain that 



n n „ 

E(exp{-^(X(ifc),,/.fc)}) =E(exp{-^ / 0fc(y)dye(ifc)}) 
fc=i fc=i •^'^ 

= exp{K [ A\s)ds-y2tk [ My)dy], (4.50) 

where A(s) is exactly the unique nonnegative solution of the equation (j4.36p . On the 
other hand, from Lemma 13.21 and (|4.39p . it follows that 

n „ 

E(exp{-^(XT(tfc),0fc)}) =exp{- / HT{x)dxy (4.51) 

k=i -^^ 

Applying Lemma 14.71 and Remark 14. H we obtain that 

n 

lim^E(^exp [-Y,{XT{tk),4>k)}) 

~^°° k=l 

= exp|i^/ A\s)ds-y2tk [ My)dy]. (4.52) 

(|4.50p and (|4.52p imply that A" = A^ is the limit of Xt in the sense of convergence of 
finite-dimensional distributions. The non-negativity of ^ follows from the fact that Xt 
is a non- negative measure for every T > 0. D 

Below we give the proof of Theorem 12.21 
Proof of Theorem 2.2 To prove the weak convergence of {Xt}t>i hi C([0, 1], 5'(M)), 
it suffices to prove the convergence of finite-dimensional distributions plus the tightness 
of {Xt}t>i in (^([0, 1],5'(M)). The former is proved by Theorem 14.11 To prove the 
latter, let Yrit) = Xrit) - tX. The tightness of Xt in C([0, 1],5'(M)) is same as that 
of Yt in C([0, l],cS'(M)). Therefore, by using the theorem of Mitoma [14j . it suffices to 
prove that {{Yt,(J))}t>i is tight in C([0, 1],1R) for any given (p G S{R). Thus, by the 
same arguments as those used in the proof of Theorem 2.1 in Li [11], we can readily 
get the desired conclusion. The details are omitted. D 
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5. Properties of the solutions of integral equations 

In this section, we prove Theorem 12. 3i 

Proof. (1). Let h.{s,6) be the unique nonnegative solution of the equation (12. 6p for 
s G [0,1]. Therefore, h.{s,0) is continuous and differentiable. Furthermore, from the 
proof of Theorem 14.11 we see that A(s, 9) is the limit of 



Ht{x,s) = T^'^V^^{x,Ts,T{\ - s)) 



^2.1/2 



1 - Ej; f exp { 
1-E,(exp{ 



Ts 



[N{u),^T{;T{l-s) + u))du 



[N{Tu), (/>(x)l[o,i] (1 - s + u))du} 



1-Ejexp{- / {NiTu),cj){x))d 



u 



where (/> > satisfies that J^(t){x)<ix = 9. It is easy to see that Ht{x,s) is non- 
decreasing on s. Therefore A(s, 9) is non-decreasing as well. Differentiating both sides 
of (j2.6p on s leads to that for any s G (0, 1) 



A'is,e) = 

which further implies that 



I rs 

9 - 2K 

2tts 



k{s-u,e)K'{s-u,9)du 







^/2 



>0, 



(5.1) 



■KU 



^2^s^'{s,9) = 9-2K^fs 



K{s-u,9)k'{s-u,9)du 



<9-KA^{s,9). (5.2) 



Consequently, we have that 

A{s,9)<y^. 
(2). Now, we observe the following nonlinear integral equation. 



his) 



K 



h'^{u)<d 



u 



/o \/2tt{s - u) 
We can readily verify that for any ?n, > 0, 

h{s) := A{s/9, 9)/Ve < Xj^fK 



s > 0. 



(5.3) 



(5.4) 



is a non-negative and bounded solution of (15. Sp on [0, m\ for a given 9 > m. On the 
contrary, if h{s) is a solution of (|5.3p on [0, m], then for any 9 < m, 



A{s,9) = V9h{9s), se[0,l], 



(5.5) 



is a non-negative and bounded solution of (j2.6p for s G [0, 1]. Due to the uniqueness of 
non- negative and bounded solutions of ()2.6p for s G [0, 1], we know (j5.3p has an unique 
non-negative and bounded solution on [0, m] for any m > 0, and hence on [0,oo). For 
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convenience, we denote the unique solution by h{s). Thanks to the monotonicity of 
A(s,0) on s G [0,1] and the definition of (j5.4p . we can readily see that h{s) is non- 
decreasing in [O.TTi] for any m > 0. Therefore, h{s) is non-decreasing on [0,oo). 

Based on the aforementioned facts, we can extend A(s, 9) to the positive half-line by 
(j5.5p and denote the extension by A(s, 9) as well. Obviously, h{s) = A(s, 1). It is easy 
to check that A(s, 6) is the unique non-decreasing non-negative solution of (j2.6p for all 
s > 0. Furthermore by using ()5.4p we obtain that for any s > and ^ > 

A{s,e) = Veh{9s) = ^Ai^, 9s) = -^A{1, 9s). 
V9s 9s ^/s 



Therefore, the desired conclusion ()2.7p holds. Let 

/ = lim h{s) = lim A(s, 1). 
Then from (15.31) we derive that 



2s ^^,9 f^ du J2s ,^ ^^,2^ 



l>\ KV \ =\—(\-Kl 

V vr Jo \/27r(s - u) V vr 

for any s > 0. Letting s — )• oo leads to 

Kl^ > I. (5.6) 

On the other hand, from Theorem 12.21 it follows that 

l>E(e-^«W) = exp|i^ / A\s,9)ds-e\ = ex.pl 9(k f A'^{9s,l)ds - l)\ 



exphfx I A'^{s,l)ds/9-l)\, 



(5.7) 



which indicates that 



lim K / A2(s, l)ds/6' - 1 = Kf - 1 < 0. 



'0 

Therefore, we have that 

lim A(s, 1) = / = 1/Vk. (5.8) 

The proof of Theorem 12.31 is complete. D 

6. Properties of the limiting process ^ 

By the same discussion as those in the proof of Talarczyk \16\ Theorem 2.4], we can 
readily get from Theorem 12.21 that the process (, is infinitely divisible, self-similar with 
index 1, non-decreasing and nonnegative, and has continuous paths, i.e.. Proposition 
12.11 is right. Below, we prove Proposition 12. 2[ 
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Proof. Recall that ^(1) is non- negative and infinitely divisible. From \1S\ P.385], we 
know that there exist a non- negative constant 70 and a measure v on (0, 00) with 
Jq (1 A x)v[dx) < 00 such that 

E(e"^«(i)) = exp I - 0(70 + ^" i^l^Kdx)) }, (6.1) 

which and (15. 7p lead to 

f0 f'°° \ — p~^^ 
KJ A\s,l)ds/6-l = -^o- j i^idx). (6.2) 



Note that f^ ^— ^ — z^(dx) — )• as 6* — )■ 00. From (15. 8p and (16. 2p we obtain that 

70 = 0. (6.3) 

Substituting (|6.3p into (j6.ip yields 

E(e-'??(i)) = exp I - /"°°(1 - e-^^)i/(dx) 

Therefore, (USD follows from the fact ^(t) = i^(l). 
Now, substituting (j6.3p into (|6.2p . we get that 



00 

9x\ 



K A'{s,l)ds = e- (l-e-'^^)iy(dx). (6.4) 

Jo Jo 

Differentiating both sides of (j6.4p leads to 

/•oo 

KA^ie, 1) = 1 - / xe-^^z^(d3;), (6.5) 

Jo 



for any > 0. Combining (12. 7p with (16. 5p indicates (12.9 
In addition, substituting (16. 5j) into (j5.3p leads to 



Jo V27r(t - ^) V 7o 
00 -1 

(5(tx)i^(da;), 



/o V27rt 
where for any u; > 0, 



00 , 
2;e-^^i/(dx) = 


io 


xe-*^ / d^ 

L Jo V2^0 J 


;/(dx) 


[x), 






(6.6) 



«» pV 



Q(^) = V / ^dy. 

Therefore, combining (|2.7p and (j6.6p leads to ()2.10p . 

Furthermore, it is easy to see that Q{w) is continuous on (0, 00) with lim^^o Qiw) 
0, and by the L'Hopital's law, 

lim Qi^uj) = 1. 
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Therefore, there exists a constant Af > such that Q{w) < M for all w > 0. Applying 
this fact to ()6.6p . we get that 

/■oo 

\/2^A(t, 1) < M / z^(dx), (6.7) 

JO 

for all t > 0. Then letting t — )■ cxd implies that 

/>oo 

zy((0,oo)) = / z/(ds) = oo. (6.8) 

io 

In addition, from the equation (|2.6p . it is easy to see that A(0, 1) = 0. Letting — >• 0, 
(|6.5|) implies that 

/■CX) 

1 = / xu{(lx). (6.9) 

Moreover, (|5.3|) implies that h{s) := A(s, 1) is differentiable, and for all s > 

h (s) = -== - K / -== du. (6.10) 

\/1tts Jo y iTTu 

Applying (l6T0]l to ([53]) yields that for all s > 

^ V vr Jo v2vru v27rs Jo V 27ru 
+K^ / — !^ 7^^ -du / — ^, ' du. 



/o \/2t\:u Jo \/27rn 

Observe that by the L'hopital Law, 

1 rh^(s-u)^ ,. [2E r 2h(s - u)h' (s - u) , 
hm , / nii = lim -1/ — / ; du = 0. 



■5-+0 -v/27rs Jo V2ttu ■^-^'O \ tt Jq y/lnu 

It is easy to see that 

limh(s)h'(s) = -. (6.11) 

s-^O TT 

Now, we differentiate both sides of (j6.5p and get that 

I" 00 
2Kh{9)h'{9)= / xV^^z^(dx). 

JO 

Letting — )• and using (16.11J) . we obtain that 

/ x^v{dx) = ^KJt:, 
Jo 

which and ()6.8p . and (j6.9p complete the proof of Proposition 12.21 D 

At last, we devote to proving that Xt converges in finite-dimensional distributions 
to the 0- measure under the condition of J^a{x)dx = 00. This is equivalent to proving 
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that Xr(l) converges in distributions as T — t- oo to the measure concentrated on the 
0- measure. 
Proof of Theorem 12.11 Let B^ = {\x\ < n} and (Tn{x) = (7(x)1b„(x). Then 



Kn-=1 / an{x)dx < oo. 



For any non-negative (p G 5(IR), Let Vn{x,t) G [0, 1] be the solution of 

^}!^ = ^Av{x, t) - ^an{xy{x, t) + ^</>(x)l[o,i] (1 - |) (1 - v{x, t)) , 

with v{x, 0) = 0, and v{x, t) £ [0, 1] be also the solution of this equation but (T„ replaced 
by a. Since < (T,i < a, by the maximum principle, we have that 

< v{x,t) < Vn{x,t) < 1. 

Therefore, from Remark 13. H it follows that for any n > 1, 

E(exp{-(XT(1),.^)}) >exp|- f Vn{x,T)dx\. (6.12) 

Reviewing the proof of Theorem 14.11 we have that 

lim expl - Vn{x,T)dx I = exp <^ A"„ / A^(s)ds - \\(f>\\i \, (6.13) 

where the function A„(s) is the unique non- negative solution of the equation 

A(s) = \-\\<P\\i - Kn / .)' . , (6.14) 

and \\cj)\\i = J^(f){y)dy. Let A„(s) = K„A„(s). Then (|6.14p implies that A„(s) is the 
unique non-negative solution of the equation 

V vr Jq y/2TT{s - u) 



Observing the equation (j2.6|) . we get that 

where Ai(s, 9) is the unique non- negative solution of (j2.6p with K = 1. Then by same 
argument used in the proof of Proposition 12.21 we can readily get that 

-1 1 /■! 



Kr, I Kl{s)ds = ^ [ Al{s)ds 

Jo ^n Jo 



S-n <P 1 



1 f^ 1 C^ 

— Kl{s,KrM\Ms = — Ki{s,l)ds. (6.16) 



-f»-n JO "~n Jo 
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BydSSD, 

lim Ai(s, 1) = 1. (6.17) 

The assumption J^a{x)dx = oo implies that Kn — ;■ oo as n — )• oo. From ()6.16p and 
([617]), it fohows that 

hm Kn I Kl{s)ds=\\ct>\\i. (6.18) 

Combining (j6.12p with ()6.13p and letting n — )• oo, we get that 



lim Efexpj - {Xt{1)A)\] > lim lim exp i - / Vn{x,T)dx\ 

T-^oo V I J/ n— i>ooT— >cjo [ Jjg J 

= lim exp|A'„ / A2(s)ds- ||</.||i| = 1, 
where ()6.18p is used at the last equality. The proof of Theorem 12.11 is complete. D 
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